Abstract. We first prove that the Whitehead group of a torsion free virtually solvable group vanishes. This is proved by showing that the Farrell-Jones Fibered Isomorphism conjecture in stable topological pseudoisotopy theory is true for virtually solvable groups. Then we prove the conjecture in L −∞ -theory also for these groups. Consequently, the Borel conjecture for aspherical manifolds with virtually solvable fundamental groups is true.
Introduction
A manifold X is called aspherical if π i (X) = (1) for i ≥ 2. And for a class of groups C, a group G is called virtually C if G contains a member of C as a subgroup of finite index. Also recall that a compact manifold (M, ∂M) with boundary ∂M (may be empty) is called topologically rigid if any homotopy equivalence f : (N, ∂N) → (M, ∂M) from another compact manifold (N, ∂N) so that f | ∂N : ∂N → ∂M is a homeomorphism, is homotopic to a homeomorphism relative to boundary.
The main consequence of the results in this article is the following. Consequently, if dim(M) ≥ 5 and N is another closed aspherical manifold with an isomorphism π 1 (N) → π 1 (M) then there is a homeomorphism N → M inducing the isomorphism on fundamental groups. The Borel conjecture says that any closed aspherical manifold is topologically rigid and the Generalized Borel conjecture in dimension n + k says that the total spaces of D k -bundles over closed aspherical manifolds of dimension n are topologically rigid. See [ [7] , 1.6.3].
The generalized Borel conjecture in dimension n + k ≥ 5 was proved earlier for several classes of closed aspherical manifolds. For example for flat Riemannian manifolds in [3] , for real hyperbolic manifolds in [5] , for infrasolvmanifolds in [4] and more generally for nonpositively curved Riemannian manifold in [6] . We also showed in [14] and [15] that M × D n , for n + 3 ≥ 5 is topologically rigid for a large class of compact 3-manifolds M including compact 3-manifolds with nonzero first Betti number. In [10] we have shown that a closed manifold with SL × E n structure is topologically rigid for n ≥ 2. In [8] it was proved that the Whitehead group of a torsion free virtually solvable subgroup of GL(n, C) is trivial. This was achieved by proving that the Fibered Isomorphism conjecture of Farrell-Jones in stable topological pseudoisotopy theory is true for virtually solvable subgroups of GL(n, C). Here we extend this result by showing that in fact the conjecture is true for any virtually solvable group. This includes the case Z[ 1 2 ] ⋊ α Z, where α is multiplication by 2, left open in [8] . See [ [8] , introduction]. We apply the general method developed in [16] and [18] to prove this result. We further show that this method of proof also applies to the conjecture in L −∞ -theory and prove the conjecture in L −∞ -theory for virtually solvable groups. It is known that the combination of the Isomorphism conjectures in pseudoisotopy theory and in L −∞ -theory imply the Borel conjecture for aspherical manifolds.
The Fibered Isomorphism conjecture allows one to consider groups with torsion in induction steps, although the final aim is to prove results for torsion free groups. This technique was first used in [9] to prove the conjecture in the pseudoisotopy case for Artin full braid groups. The general methods in [16] and [18] extend this feature further by considering the conjecture always for groups wreath product with finite groups. This simplifies proofs and prove stronger results. Theorem 1.1 is a consequence of the following two Corollaries of the Main Theorem and the surgery exact sequence.
Let Γ be a torsion free subgroup of a virtually solvable group G. The pseudoisotopy part of the Main Theorem has the following consequence. Corollary 1.1. The Whitehead group W h(Γ), the reduced projective class groupK 0 (ZΓ) and the lower K-groups K −i (ZΓ) for i ≥ 1 vanish. Corollary 1.1 and the L −∞ -theory part of the Main Theorem together imply the following. Corollary 1.2. The following assembly map is an isomorphism for all n and for j = −∞ , h and s.
Note that the above two Corollaries give further evidence to the Whitehead conjecture and the integral Novikov conjecture respectively. The Whitehead conjecture says that the Whitehead group of any torsion free group vanishes. And the integral Novikov conjecture says that the above assembly map is split injective for torsion free groups.
The following is the main result of this paper. Actually we will prove a general statement for the Fibered Isomorphism conjecture in equivariant homology theory and then restrict to the original conjecture.
Recall that for two groups G and H, G ≀ H (= G H ⋊ H) denotes the wreath product with respect to the regular action of H on G H .
Main Theorem. The Fibered Isomorphism conjectures of Farrell and Jones in stable topological pseudoisotopy theory and in L −∞ -theory are true for the wreath product G ≀ F where G is a virtually solvable group and F is a finite group. Corollary 1.3. Let H be a finitely generated virtually solvable normal subgroup of a group G so that G/H ((G/H) ≀ F for all finite groups F ) satisfies the Fibered Isomorphism conjecture in stable topological pseudoisotopy theory or in L −∞ -theory. Then G (G ≀ F for all finite groups F ) also satisfies the respective conjecture.
Since the group G in Corollary 1.3 satisfies the Isomorphism conjecture in both the cases, the Corollaries 1.1 and 1.2 hold for torsion free subgroups of G. Therefore the following more general statement is also true.
Statement of the Isomorphism conjecture
We now proceed to describe the formal statement of the isomorphism conjecture (see [1] ) and introduce some notations. Let H ? * be an equivariant homology theory with values in R-modules for R a commutative associative ring with unit.
In this section we always assume that a class of groups C is closed under isomorphisms, taking subgroups and taking quotients. We denote by C(G) the class of subgroups of a group G which belong to C. For example VC, the class of virtually cyclic groups is such a class.
Given a group homomorphism φ : G → H and C a class of subgroups of H define φ * C by the class of subgroups {K < G | φ(K) ∈ C} of G. For a class C of subgroups of a group G there is a G-CW complex E C (G) which is unique up to G-equivalence satisfying the property that for each H ∈ C the fixpoint set E C (G)
H is contractible and
The Isomorphism Conjecture for the pair (G, C) states that the projection p : E C (G) → pt to the point {pt} induces an isomorphism
And the Fibered Isomorphism Conjecture for the pair (G, C) states that for any group homomorphism φ : K → G the Isomorphism Conjecture is true for the pair (K, φ * C). [11] for the pseudoisotopy theory for details. In this article when we restrict the conjecture to the special cases P H ? * and L H ? * we assume that the underlying ring R is Z. Throughout the article groups are assumed to be discrete and countable. And graphs are assumed to be locally finite and connected.
Statement of a general theorem and its proof
We recall some definitions and results from [16] , [17] and [18] . 
Proof. Given a finite group F note the following equality.
The proof now follows. Now we can state the general theorem for the conjecture in equivariant homology theory. The advantage of this general statement is that it works for the conjecture in any equivariant homology theory and to prove the Main Theorem we just have to show that the hypothesis is satisfied both for the pseudoisotopy and for the L −∞ -theory case. We defined some properties in [16] for the Isomorphism conjecture in equivariant homology theory which are needed frequently in proofs. These properties were checked in the stable topological pseudoisotopy and in the L-theory version of the Isomorphism conjectures in [16] and [18] . We recall them here in the following two lemmas. 
Now we note that to prove the Fibered Isomorphism conjecture it is the first step to know if the conjecture is true for a semidirect product H ⋊Z for some arbitrary action of Z on H assuming that the conjecture is true for H. This is a very important step and in general this is not known. Also as the Fibered Isomorphism conjecture has hereditary property it is enough to prove it for H ≀ Z since this contains H ⋊ Z as a subgroup (see [[9] , algebraic lemma]). In the lemma below we prove this step, under certain conditions, when H is abelian. This lemma is needed for the proof of Theorem 3.1. For a solvable group Γ define n to be the rank of Γ if Γ (n) = (1) and Γ (n−1) = (1). Here Γ (i) denotes the i-th derived subgroup of Γ. That is, Γ (0) = Γ and Γ (1) is the commutator subgroup of Γ and so on.
Proof of Theorem 3.1. Let G be a virtually solvable group and Γ be a solvable subgroup of G of finite index. By (2) Therefore assume that the F ICwF
VC is true for any solvable group of rank ≤ n − 1 and that Γ has rank equal to n.
Note that Γ (n−1) is an abelian group and is a normal subgroup of Γ with Γ/Γ (n−1) a solvable group of rank n − 1. By the induction hypothesis the F ICwF
VC is true for Γ/Γ (n−1) and hence we can apply (3) of Lemma 3.3 to the homomorphism p : Γ → Γ/Γ (n−1) . So let C be a virtually cyclic subgroup of Γ/Γ (n−1) and let Z be a cyclic subgroup of C of finite index. If C is finite then we can use (2) of Lemma 3.3 and Lemma 3.8 (together with Lemma 3.2) to conclude that the F ICwF H ? * VC is true for p −1 (C). So assume that C is infinite. Hence Z is infinite cyclic. Note that p −1 (Z) is a finite index subgroup of p −1 (C). Hence by (2) of Lemma 3.3 it is enough to prove the F ICwF
is abelian. Therefore applying Lemma 3.8 we complete the proof of Theorem 3.1.
Proof of Corollary 3.1. This is an application of Theorem 3.1 and (2) and (3) of Lemma 3.3. The only thing which will be needed is that for a virtually cyclic subgroup C of G/H, p −1 (C) is a virtually solvable group. If C is finite then there is nothing to prove. So assume that C is infinite and Z is an infinite cyclic subgroup of Z of finite index. At first note that since H is finitely generated we can choose a solvable characteristic subgroup K of H of finite index. On the other hand p −1 (Z) is isomorphic to H ⋊Z and is a finite index subgroup of p −1 (C). Now since K is characteristic in H, the action of Z on H leaves K invariant. Therefore the semidirect product K ⋊ Z with respect to this restricted action is a subgroup of p −1 (Z) and also of finite index. Therefore K ⋊ Z is finite index solvable subgroup of p −1 (C).
Proof of Lemma 3.8. Since A is countable abelian we can write it as a limit of finitely generated abelian subgroups A i . Now note that A ≀ Z = (lim i∈I A i ) ≀ Z = lim i∈I (A i ≀ Z). Hence by Lemma 3.1 it is enough to prove the F ICwF
Therefore from now on we can assume that A is finitely generated. Next note the following equality, this was obtained in the proof of lemma 4.3 in [8] .
Where the HNN extension A n+1 * A n = H n (say) is obtained using the following two inclusions.
. . , a n ) → (a 1 , . . . , a n , 0). i 2 (a 1 , . . . , a n ) → (0, a 1 , . . . , a n ).
Again by Lemma 3.1 we need to prove the F ICwF α(a 1 , . . . , a n+1 ) = (a n+1 , a 1 , . . . , a n ).
Recall that A is a finitely generated abelian group. Let B be a finitely generated free abelian subgroup of A of finite index. Clearly
Where the HNN extension G n is obtained by the same maps i j as we defined above.
We now use (2) of Lemma 3.3 to reduce the situation to G n . That is we need to prove the F ICwF H ? * VC for G n . We would like to apply (3) of Lemma 3.3 to p : G n → G n . From now on we follow the proof of lemma 4.3 in page 314 in [8] .
Let C be a virtually cyclic subgroup of G n . Since G n is torsion free C is either trivial or infinite cyclic.
Since G n is an HNN extension it acts on a tree with vertex stabilizer conjugates of B n+1 and edge stabilizers conjugates of B n . Therefore ker(p) also acts on this tree and it follows that the stabilizers of this restricted action are trivial. Hence ker(p) is a free group by [[16] , lemma 3.2]. When C is infinite cyclic then in the proof of lemma 4.3 in [8] (see paragraphs 2 and 3 in page 316 in [8] ) it was deduced that p −1 (C) is a direct limit of finitely generated subgroups C i (say) so that each C i is a subgroup of a finite free product K * · · · * K where K is isomorphic to a direct product of a finitely generated free group and an infinite cyclic group. Proof of Corollary 1.2. Note that we have proved the Isomorphism conjecture in L −∞ -theory. For torsion free groups this implies the isomorphism of the assembly map
Now recall the following Rothenberg exact sequence. and by a five lemma argument we get the isomorphism of the assembly map
. Using a similar Rothenberg exact sequence which connects the surgery groups with h and s decorations and the Tate cohomology which appears is with coefficient in the Whitehead group, one can show the following isomorphism. Proof of Theorem 1.1. Let us first recall the surgery exact sequence from [12] . This sequence is for simple homotopy types and for the surgery groups with the decoration 's'. Since here we have that the Whitehead group vanishes, there is no difference between 's' and 'h', therefore we do not use any decoration.
Where S * (−) is the total surgery obstruction groups of Ranicki (see [12] ) and L 0 is a 1-connective Ω-spectrum with 0-space homotopically equivalent to G/T OP . If X is a compact n-dimensional manifold (n ≥ 5) then the following part of the above surgery exact sequence
is identified with the original surgery exact sequence
See [[12] , corollary 2]. In particular, for an n-dimensional closed manifold X there is the following identification.
Here S Top (P, ∂P ) denotes the structure set of a compact manifold P . When W h(π 1 (P )) = (1) and dim(P ) ≥ 5 (which is the case in the present situation) the structure set can be defined in the following simpler way. S Top (P, ∂P ) is the set of all equivalence classes of homotopy equivalences f : (N, ∂N) → (P, ∂P ) from compact manifolds (N, ∂N) so that f | ∂N : ∂N → ∂P is a homeomorphism. Here two such maps f i : (N i , ∂N i ) → (P, ∂P ) for i = 1, 2 are said to be equivalent if there is a homeomorphism h : (N 1 , ∂N 1 ) → (N 2 , ∂N 2 ) so that f 2 • h is homotopic to f 1 relative to boundary, that is during the homotopy the map on the boundary is constant.
Next, there is a homomorphism H k (X; L 0 ) → H k (X; L(Z)) which is an isomorphism for k > n and is injective for k = n. Now using the fact that M is aspherical (hence M = Bπ 1 (M)) and applying Corollaries 
